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Abstract
The notion an intrinsic thickness of a QCD flux-tube is explored heuristically with in the framework
of Gauge/Gravity Duality.
1 Introduction
In the past few years the lattice simulation of QCD flux-tubes has reached a level of precision
where they can be unambiguously compared with the expectations from various effective string
descriptions (two of the most recent investigations are [1, 2], and a lucid review with a history
of numerical simulations of flux-tube using lattice gauge theory is given in [3].) These results
show that the ground state energy of a long flux-tube matches very well with that obtained
by Arvis [4] for the Nambu-Goto string in four flat dimensions. It was also pointed out in
[2], that there are few excited states of a closed flux-tube that do show a large deviation from
the Nambu-Goto prediction. Excited states of open flux-tube have only been calculated in
three dimensions [5] and do not show any unambiguous deviations from the predictions of the
Nambu-Goto string, within the accuracy of the simulations.
The effective string theory description of QCD flux-tubes assumes that the length of the
flux-tube, L, is much greater than any intrinsic thickness, lw, of the flux-tube. Space-time
history of such a flux-tube, in the absence of dynamical quarks, can be approximated by a
two-dimensional surface or the world-sheet. The dynamics of this world-sheet is independent
of the two-dimensional coordinate system used to describe it. A general reparameterization
invariant action can be organized into relevant, marginal and irrelevant terms by dimensional
analysis. The relevant term, which is proportional to the area of the world-sheet, is the Nambu-
Goto action. Then there are marginal and irrelevant terms constructed from various powers of
intrinsic and extrinsic curvatures (see for e.g. [6]).
The notion of an intrinsic thickness of a flux-tube, though well motivated, is imprecise
in QCD as we do not understand their dynamical origin. It is here that one expects that
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the conjectured gauge/gravity duality [7, 8, 9, 10] should allow us to delineate the effects of
the intrinsic thickness of the flux-tube. A fundamental feature of the gauge/gravity duality
is that the strings dual to the gauge theory live in (at least) five-dimensional curved space.
These five-dimensional strings then should provide an exact description of the four-dimensional
QCD flux-tubes. These fundamental strings have at least one additional degree of freedom as
compared to the effective four-dimensional strings. It is tempting to associate this additional
degree of freedom with the intrinsic thickness of a QCD flux-tube. This can be made more
precise in the context of AdS/CFT correspondence [9, 11, 12], by looking at the size of the
holographic projection of a five-dimensional object on to the four-dimensions.
AdS/CFT correspondence [13] can be regarded as an example of a more general gauge/gravity
duality [10] according to which all gauge theories, including QCD, have a dual description in
terms of fundamental strings living in a higher-dimensional curved space-time. For QCD we do
not known the precise geometry in which these putative five-dimensional strings live, but an
approximate description which captures some of the properties of the QCD can be obtained by
modifications of AdS5 space. A particularly simple modification was used in [12] to understand
the form factors of hadrons in terms of the intrinsically thick effective QCD strings arising
from the holographic projection of the fundamental five-dimensional strings. We will use their
modification to give a meaning to the idea of an intrinsic thickness of a flux-tube.
2 Flux-tube from a Fundamental String
One way of stating the conjectured gauge/gravity duality is via the expectation value of a
Wilson loop. The expectation value of a Wilson loop in a four-dimensional Yang-Mills gauge
theory is formally given by
W [Γ, A] = TrPˆ exp
{
i
˛
Γ
A
}
,
< W [Γ] >YM =
ˆ
[DA] exp {−SYM [A]}W [Γ, A], (2.1)
where Γ is a non-intersecting closed loop in four-dimensions, A represents the matrix valued
vector potential of the SU(N) Yang-Mills theory, which have been path-ordered along the curve
Γ using the path ordering operator Pˆ , and SYM [A] is the Euclidean Yang-Mills action for the
gauge fields. The gauge/gravity duality then implies that this expectation value is also given
by a weighted sum over all the surfaces whose boundary is the curve Γ which lives in the flat
four-dimensional space, while the surfaces themselves live in a curved five-dimensional space.
Symbolically
< W [Γ] >YM=
ˆ
[DX] exp
{
−To
ˆ
d2σ
√
γ[X]
}
, (2.2)
where
Xm = Xm(σ0, σ1), m = 1, . . . , 5 (2.3)
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is the string surface parametrized by the parameters {σ0, σ1}, γ is the determinant of the
induced metric
γab = gmn
∂Xm
∂σa
∂Xn
∂σb
, (2.4)
and T0 is the string-tension. The curved five-dimensional space is described by the metric gmn,
which following [12] will be taken to be of the following form
ds2 = gmndx
mdxn = F (x5)
(
dx24 + dx
2
1 + dx
2
2 + dx
2
3 + dx
2
5
)
= F (y)(dt2 + dx21 + dx
2
2 + dx
2
3 + dy
2), (2.5)
where the function F (y) is assumed to have a minimum at y = y∗ and for y → 0 it approaches
the AdS5 limit
F (y) ≈ R
2
y2
. (2.6)
Consider now a Wilson loop made of the world-lines of a quark at the origin and an anti-
quark placed along the x1 axis at a coordinate distance of L. Working in the static gauge
σ0 = τ = X4 = t; σ
1 = σ = X1 = x, (2.7)
the classical world-sheet, or the minimal surface, is of the form:
Xc = (τ, σ, 0, 0, Yc(σ)). (2.8)
Yc(σ), which is a geodesic in the five-dimensional curved space, satisfies the equation
∂
∂σ
(
F [Y ]Y
′√
(1 + Y ′2)
)
= F
′
[Y ]
√
(1 + Y ′)2. (2.9)
With the assumed form of F [y], qualitatively Yc(σ) looks like the curve shown in Fig.(1).
In particular one can approximate
Yc(x) = Y
∗ (l ≤ x ≤ L− l). (2.10)
The parameter Y ∗ and l will depend on the precise form of the confining metric. The corre-
sponding classical action is then given by
S[Yc] = T0
ˆ ∞
−∞
dt
ˆ l
0
dxF [Yc](1 + Y
′2
c )
1
2
+ T0F [Y
∗]
ˆ ∞
−∞
dt
ˆ L−l
l
dx
+ T0
ˆ ∞
−∞
dt
ˆ L
L−l
dxF [Yc](1 + Y
′2
c )
1
2, . (2.11)
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Fig. 1: Yc(x)
Let us define a position dependent tension,
T (x) =

T0F [Yc](1 + Y
′2)1/2 0 ≤ x ≤ l
T0F [Y
∗] l < x < L− l ,
T0F [Yc](1 + Y
′2)1/2 L− l ≤ x ≤ L
(2.12)
and write the classical action as
Sc =
ˆ ∞
−∞
dt
ˆ L
0
dxT (x). (2.13)
The above action can be thought of as an action for a string along the x axis in four-
dimensions, but with a position dependent string tension. If one considers a flux-tube like the
Nielsen-Olesen vortex line [14] then one finds that the string tension is related to the size of
the flux-tube by
T ∼ 1
λ2
, (2.14)
where λ characterizes the region beyond which the magnetic field is essentially zero. Therefore a
suggestive interpretation of (2.13) is that it represents a flux-tube of varying intrinsic thickness.
The assumed form of T (x), (2.12), then implies that the classical flux-tube has a constant
thickness in the region l < x < L− l , while the intrinsic thickness vanishes at the end-points
as shown in Fig. 2. Also, note that the part where T (x) is changing is the part where Yc(x)
is changing, suggesting that it is the Y coordinate of the string that is related to the intrinsic
thickness of the flux-tube in concordance with the argument of [12].
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Fig. 2: Flux-tube from a string
The above heuristic arguments can be made more precise for certain confining backgrounds
[15]. For such backgrounds in [16] the intrinsic thickness of a very long flux-tube was explicitly
calculated. The idea being that the fundamental string is a source of dilation field, and it
is the value of dilaton field at the boundary that couples to the square of the field-strength
tensor. Thus, by calculating the value of the dilaton field at the boundary, which is sourced
by the fundamental string, and then using the gauge/gravity dictionary allows one to calculate
< F 2 >, and obtain the transverse profile of the flux-tube. It will be interesting to extend their
calculation to a more general confining background and for a finite string ending in a quark
and an antiquark.
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